Midterm 2 Solutions, CSE21, Winter 2005

1 Multiple Choice

You do not need to justify your answers to the following problems.

1. If P(A) = 5 and P(B) = 5 then P(ANB) =

(a) %, always

(b) %, if A and B are independent

(c) 3, always

(d) 3, if A and B are independent
)

(e) none of the above

Solution When A and B are independent it is P(ANB) = P(A)P(B) =
1

2. If P(A) = 5 and P(B) = 3 then P(AUB) =
(a)
(b)
(c)
()

)

— AW N

d) cannot be determined

(e) none of the above

Solution In the general case it is P(AUB) = P(A)+P(B)—P(ANB).
In the absence of information about P(A N B) we cannot determine
P(AUB).

3. Consider the universal set U and two events A and B such that ANB =
0 and AU B = U. We know that P(A) = 3. Then P(B) =

(a) 3



(b)
(c)
()

)

Ol W

cannot be determined

d

(e) none of the above

Solution 1 = P(U) = P(AUB) = P(A)+ P(B)— P(ANDB) =
s+ P(B)+0 = P(B) = 2. An alternative justification comes from

the observation that B = A¢. Hence P(B) =1 — P(A).

2 Conditional Probability

Show the tree diagram outlining the outcomes in each step of the sequence
of events and use it to justify your answers. Write on the tree diagram all
probabilities that matter to the following questions. You do not have to write
probabilities that are not important to the question.

In the first step, Joe draws a hand of 5 cards from a deck of 52 cards.

1. What is the probability that Joe has exactly one ace?

Solution P(1A) = W

2. What is the probability that Joe has no aces?

Solution P(0A) = ggggg

In the second step, if he has 4 aces, he does nothing. If he has 3 aces or
fewer, he throws away two cards that are not aces and he picks two cards
from the remaining deck. (After Joe has picked the first five cards there are
47 cards in the remaining deck.)

1. What is the probability that after the second step Joe has exactly one
ace?



Solution P(1B) = P(1B|0A)P(0A) + P(1B|1A)P(1A). We know
P(1A) and P(0A) from the previous question.

If no ace was drawn in Step A then the deck of 47 cards has all 4 aces
in it and we look for the probability that Joe drew one of the 4 aces
and one of the 43 non-ace cards. Hence

C(4,1) x C(43,1)

P(1B|0A) = C{7.2)

Similarly
C(44,2
P(1B|1A) = 0247 2;

Combining all together it is

C(4,1) x C(43,1) C(48,5)  C(44,2) C(4,1) x C(48,4)
C7.2)  CO(2,5) " C@1,2) C(®2,5)

P(1B) =
2. What is the probability that after the second step Joe has no aces?

Solution
C'(43,2) C(48,5)

POB) = POBPAIPOA) = 525 Gm2.5)

Now, assume that after the second step Joe shows his five cards and he
has exactly two aces.

1. What is the probability that after the first step he had exactly one ace?

Solution
P(1A[2B) — P(2B and 1A) P(2B|1A)P(1A)
B P(2B) ~ P(2B|0A)P(0A) + P(2B|1A)P(1A) + P(2B|2A) P(2A)
C(3,1)C(44,1) C(4,1)C(48,4)
_ C(47,2) C(52,5)
P(lA‘QB) — C(4,2) C(48,5) + C(3,1)C(44,1) C(4,1)C(48,4) + C(43,2) C(4,2)C(48,3)
C(47,2) C(52,5) C(47,2) C(52,5) c(47,2)  C(52,5)

2. What is the probability that after the first step he had no aces?
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Solution

_ P(2Band 04)  P(2B|0A)P(0A)
POAR2B) = P(2B) P(2B)

C(4,2) C(48,5)

C(47,2) C(52,5)
C(4,2) C(85) | CBNC(4,1) C(4,DC(E8,4) | C(43,2) C(4,2)C(48.3)
C(47,2) C(52,5) C(47,2) C(52,5) C(A72) " C(52,5)

P(0A|2B) =

3 Counting

The CSE21 class plans to randomly elect a committee that will have one
president and four members. The class has 135 students; 30 female students
and 105 male students. What is the probability that the president of the
committee is male, two members are female and the other two members are
male?

Solution The total number of committees is C'(135,1) x C(134,4), where
C'(135,1) is the number of ways to choose the president and C'(134,4) is the
number of ways to choose the four members.

The total number of committees where the president of the committee
is male, two members are female and the other two members are male is

C(105,1) x C'(104,2) x C(30,2). Hence the asked probability is

C(105,1) x C(104,2) x C(30,2)
C(135,1) x C(134,4)

4 Random Variables

A fair die is tossed. If it turns out to be

e 6, you win $2

5, you win $1

3 or 4, you do not win and you not lose

1 or 2, you lose $2



Let X be the random variable that describes the number of dollars won or
lost when the die is tossed. Obviously, positive numbers correspond winning
and negative to losing.

1. Provide the distribution fx of X.

Solution The universal set U consists of the outcomes {1,2,3,4,5,6}.
The image of X (i.e., set of possible values) is {—2,0, 1, 2}.

fx(=2) =P(X=-2) =P({12}) =
(0 =PX=0) =P({34) =
i) =P =1 =P({5) =
@ =Px=2) =rP{e) =]

2. Compute E(X).
Solution
E(X) = fx(=2) x (=2) + fx(0) x 0+ fx(1) x 1+ fx(2) x 2= —=

3. Compute Var(X).

Solution We denote u = E(X)

Var(X) =
Fx(=2) x [(=2) = p? + fx(0) x [0 = p* + fx (1) x [1 = p* + fx(2) x [2 = p]? =
JEE R 1

HGP =1

Let Y be the random variable that maps each outcome of the tossing to
the corresponding number, i.e., when the die turns out 6 the r.v. Y is 6,
when the die turns out 5 the r.v. Y is 5, and so on.

1. Provide the distribution fy of Y.



Solution The image of Y is {1,2,3,4,5,6}.
Fr(1) = r(2) = F(3) = frl4) = fy(5) = fr(6) = ¢
2. Compute E(Y).

Solution

EY)= Y () xi)="

i€{1,2,3,4,5,6}

3. Compute EF(XY).

Solution Let us denote Z = XY. We can find the image of Z by
calculating the value of Z for each outcome of U = {1,2,3,4,5,6}.

Z(1) = X(1) x V(1) = —2
Z(2) = X(2) x Y(2) = —4
Z(3) = X(3) x Y(3) =0
Z(4) = X(4) x Y(4) =0
Z(5)=X(5) x Y (5) =5
Z(6) = X(6) x Y(6) = 12

Hence the image of Z is {—2,—4,0,5,12}. The above also shows which
(and how many) outcomes lead to each value in the image.

fz(_4) = %
f2(=2)=P(Z=1)=P({1}) =}
f2(0) = P(Z =0) = P({3,4}) = 2
fZ(5) = %

fz(12) = A

Using the distribution of Z we can calculate E(Z)
NP, |
E(Z) = Y. (f2(0) x ) = 5

ie{—4,-2,0,5,12}

4. Compute the covariance of X and Y.
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Solution Since we have already computed F(XY'), E(X) and E(Y),
we can quickly compute Cov(X,Y") as follows:

Cov(X,Y) = E(XY) — E(X)E(Y) = 2 — (- 1)2L _ &7



